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Bloch Equation

dl\gt(t) N M () _I__ ZB(t) n 7/(§(t) x M WEL

7 : gyro-magnetic ratio

e Bloch Eq 1n vector form H : magnetic field

*Solve this equation, and you

. M : magnetic moment
will find what you want

T : relaxation parameter




Bloch Equation in Matric
Representation
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A Linear Coupling Dynamic System




Properties

A Linear Dynamic System

a
dt

Cannot be reduced into a linear equation

M (t) + B(t)M (t) = F(1)

Linear Response Theorem may not be applied.
(Fourier: C’est un grand probléme)

Numerical Method

(Le Roux: Ce n’est pas grave. J'ail un ordinateur)




Simplify The Equation

e Relaxation Time 10~ 100 ms
&& RF duration ~1ms
e Drop the relaxation part

 Homogeneous Differential Equation.

M, (t) 0 -B,(t) B, |

M, (0 [+7( B, 0 -B,()
M)  |-B,®H B® 0




It can’t be simplified
anymore

Equation of Linear operators

B(tYM (t) =0

M (t) = Exp(=B(1)) - M (0)

What’s this???




Warming Up Exercise

* We put a magnetic ; M, (1) M, (1)
dipole moment Mina | M,® M, ()
(0,0,B) homogenous il )] | M.()_

Magnet.

d
5 (O =-BM,([1)=0

d
aMy(t)+ BM, (t)=0

%Mz(t) =0 < M,(t) = const




M Is rotating around z axis

M, (t)=BM, (1) =0<—M, (t)—By—M (t)=0
- M, (t)+ByM (t)_0<:>£|\/| (H)+B il\/l t)=0
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(M, (t)=C,e™" +C,e ™"
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lllustration of Spin
Precession
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Brief Summary

e Constant Magnetic Field

—>Precession in Larmor frequency

e Solution of Simple Version of Bloch EQ.

M (t) = Exp(-B(t))- M (0)

It seems to
be a rotation




Section |1
Excitation, Rotating Frame &

Selective Excitation
MR principle

Principal Reference : ZEi# gﬁMR principle

91— HiFVassigned reading




Pushing Over A Magnetic
Moment

Classical Description

— M rotates in high speed under a magnetic
field

Catching M before pushing it down
Catcher: Fast Oscillating EM Field

. Pusher: A relative static magnetic field
Bl

. Excitation Complete 6 = vB; 7




Selective Excitation

. Apply A Spatial Magnetic Gradient

2. Accordingly, local precession frequency 1s
changed

Send out a RF pulse with corresponding
bandwidth to push over the magnetic moment.

It seems too simple and too perfect. How could
this work???

I have to apologize for any confusion between
slides and readings

— Sagittal Slice Selection

— To keep away from confusing notation
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Recalling Bloch Equation &
Rotating Frame

dM (t)
dt

dM (1)

dt

:| rot

dt

dM ()

fix

fix

+1B(t)xM =0

dM (1) |

dt

rot

=—(BM)XxM + @, x M)

+aoxM

Choose o to
eliminate static
magnetic field in
rotating frame




Slice Selective Excitation In
Rotating Frame

dM (1)
dt

:| :_(Bo(t)x M +5)r X M —|—7/§1(t)>< M +7/§grad(xat)x M)

= =7(B,(t) + Byrag (X, 1)) x M

eRecall that this is a dynamic equation for
rotation

«The rotating angular velocity is 7[B,({)+ By (x.t)

eThe rotation axis Is the direction of the
vector sum of magnetic field




lllustration for Slice Selective
Excitation




Example

e A 90 degree excitation for a 0.5 cm slice 1s
required 1n 1.5 T system within 2ms. The
maximum gradient the system would
achieve 1s 1.0G/cm.

 B1=0.03Gauss
 AB(x)=10.25 Gauss ~ -0.25 Gauss




lllustration for Slice Selective
Excitation
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Pi1/2 Excitation Profile

LINEAR PREDICTION

\

0
X POSITION
FiG. 1. Flip angle (& ) and M, vs z position for a 90° sinc pulse.




P1 Excitation Profile

LINEAR PREDICTION
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F1G. 2. Flip angle {@ ) for a 180° sinc pulse.




Brief Summary for Sec |
and 11

* Bloch equation regardless of relaxation : A
dynamic rotation equation

Axis : The direction of net magnetic field
angular frequency : v B

e Sinc RF would achieve a small angle
selective excitation or any flip angles under
less off-resonance circumstances.




Imaging ???
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FSE Images

Figure 7. Volunt dy. Comparison b s. They we alned by using one-slice
(top) and seven-slice (bottom) measurements. ence between sirl and sie image




Section Il
Introduction to Matrix

Manipulation On Spins

RN = S




Gleam!!!

Magnetic field < Rotating a magnetic moment (A
simple description)

Rotating < Rotating Matrix <» SO(3) 3D rotation

< SU(2) simple version

X

y
Z

Rotation becomes Spatial Transformation

— z  X—jy
X+ )y —Z

Let’s Roll the magnetic moments.




Rotation About z axis

Special Orthogonal group(3)
Representation

cos@ —sin@ O
sind cos@d O
0 0 1

Special Unitary group(2)
Representation




Rotation About x axis

Special Orthogonal group(3)
Representation

1 0 0

0O cos@d -—sind

0O smmé@ cosl i

Special Unitary group(2)
Representation

0 0|

cCos— — jsin—
2 2

— jsin—  cos—
2 2




Rotation About y axis

Special Orthogonal group(3)
Representation

- cos® 0 sin@

0 1 0

= sind 0 cos 9_

Special Unitary group(2)
Representation

0

COS —
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SINn —
2

. 0
—sin —
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COS —

2




Spin domain representation

r i ¢i A : ¢i - |2
ai = COS?"‘ an,i Sln? - — yAt\/‘B“‘ +(GX)2

b, = J(N,; + jﬁy,i)sin% i 7/At GXx)

| ‘¢‘ lxw 1y|9

B,; : the i —th magnetic field
At : the turned — on duration of B,
G : the gradient strength

X : the position




Spin Rotation

A Rotation about an
arbitrary axis

Det(Q,) = |

A Series of rotation operation

ai—l i bi—l
b;

al _bl*
a; N bl CH




No rotation as the Initial Condition

G 4T
Bl B e |0 1

The Product of two unitary matrices is also unitary

B bi Ch

_ﬂi—l_




Spin Rotation
M, =M, + jM,

@) —(b)’
-0 (&)’

- ai*bi* —a; b,

(@) —(B)
- (ﬁi*)z (e )2
A ai*ﬂi* —-a;

2a.b,
2a. b,
aa —bb

2ai*18i
20, :Bi*
o ~ ﬂi*_




A simple form

Mz(ti) Mx(tl)_JMX(tl)
M, () + J-M, () -M, ()

_| @ . M. (0) M, (0)—J- M, (0)
_ T LM, (0)+ j- M (0) - M, (0)

S T oo R D £,
£l 1D




Brief Summary of Sec Il

e Cayley-Klein rotation would simplify the
analysis in RF excitation problem

e An entire excitation could be regarded as a
series of excitations.

 However, what about time-varying
magnetic fields??




Section IV
Shinnar — Le Roux

Transformaiton
& % DSP




Piece-Wise Constant
Approximation
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Hard Pulse Approximation

Differentiation first, then Integration

Differentiation => Infinitesimal Rotation

But, there 1s not only B, but Gradient

A combination of small rotation =>
Sequential Rotation




Selective RF Pulse In
Hard Pulse Approximation

?
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HARD PULSE APPROXIMATION

Separate the rotation into RF part and Gradient Part

CRLIFEART | LI TR il

(Ci = cos(;/‘él,i‘At/z)
S, = je!™ sin(yB, |At/2)

7 =g JGXAt




Forward SLR

Selective RF Excitation

C- . S-*_ 1/2

Spin State Representation

C- . S-*:|{Zl/2




Forward SLR




Forward SLR
S 2 A
R 1

Al |C, -S;z'|C/| |CC,-S;5z"
B,| |S, C,z' |S | |S,C, +C,S,z"

A (Z) = iaiz_i

B.(2) = nibiz‘i




Forward SLR

A Given RF profile combining a spatial
gradient

Dividing those profiles into piece-wise square
function

Find corresponding state space rotation matrix

Forward SLR would give the slice excitation
profile

An and B_ are polynomials of z of the order of

-(n-1)




Inverse SLR

e Generally, a specific excitation profile 1s
desired

e Deduce the rotation matrices from the slice
profile demanded to the initial state

e Inverse Matrix Manipulation: A profit from
matrix representation




Inverse SLR

Bi—1

Inverse Matrix Operation

C.

_Si*_

1
0

0

Z—l

)—1

A




Inverse SLR

eDon’t Forget A, and B, are polynomials of z of
the order —(n-1)

eThe highest term of A, ; should be O

eThe lowest term of B, ; should be O

i {A}_ Ci A +S/B,
LB B 2(-5;A +C;B;)




Inverse SLR

*
Ci Ai,i—l T Si Bi,i—1 =0 A, :the mth term of the polynomial A
_ —_ B. ., : the mth term of the polynomial B,
SiAi,O +C, Bi,O =0 |

-

C, = cos()/‘éu‘At/Z)
5= je’zgl’i sin(;/‘él’i‘At/Z)

JGXAt
Z=¢

B Je at sin(y‘éu ‘At /2)
cos()/‘ él,i ‘At /2)




Inverse SLR

B, J& sin(y|B, ;| At/ 2)  je'% sin(g, /2)
A cos(y‘ﬁu‘At/ 2) cos(¢; /2)

3 B.
tan(—7|B,; At /2) = A_O =tan(4,/2)  Flip Angle
1,0

B.
0 = phase(—j—2) Phase Angle

,0




Inverse SLR

The RF pulse Profile

4o




Inverse SLR

: L B (7 — /A
Design the excitation n( £ )

profile = j(A,, + jf, ,)sin P(X)
Use the polynomaial 2
B(z) to approximate . . P(X)

= ] sin
the profile 2

Calculate A(z) by
constraints ‘An (Z)‘ = \/1 — ‘Bn (Z)‘2
Find Magnetic Pulse

= p el
1,| 7At¢




Brief Summary

e SLR transform :

— A more exact approximation of the solution to the Bloch
Equation.

 Forward SLR transform
— Given A Magnetic Field
— Calculate the corresponding excitation profile

e Inverse SLR transform
— Given a desired excitation profile

— Find the appropriate rotation sequence
— Calculate corresponding B field




SLR Algorithm

RF Selective Excitation

Excitation S Profile

small angle

E(t) & G approximation M (X, t)

Forward Forward
Inverse Inverse

Spin State
Rotation
An(Z) & B, (Z)




Interesting Application

X:freo]

Rotation with
relaxation




Interesting Application

Excitation Excitation

Relaxation
+ Precess

Relaxation
+ Precess

F%ﬁﬁ7\j‘%‘r’;%:-TRelaxation HISLRpY

fi' I'Ja4 i £ Oscillating SSFPpvfrequency
response
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Section V
SLR Pulse Design

Take 1t easy




Design A Pulse

PM FIR
Design

' Bn(2)

[
»
* |

SRR R [ RN

_ B
|
Bn—l(z)

An1(2) NEL 2 7 Dl - 2%
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PM FIR Filter Design

Specified the parameters
— edge of transition band
ripples
the order of the filter
the pulse duration
In-slice phase

Trade-off between these
quantities.

7. %ﬁPaokageEﬁ‘ —B.(2)
"R 2 AL (2)




Tradeoff between ripples and
transition width

Amplitude
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Fig. 13. Slice profiles produced by the 5% ripple (solid line) and 0.2 %
ripple (dashed line) SLR pulses.




INn Slice Phase Selection

e Minimum Phase
— Single Slice or when phase 1s unimportant
— Ex: Ultra-Short TE images
e Linear Phase
— 3D Slab excitation, Spin Echo, Phase Contrast
— Phase 1s refocus by additional rephasor gradient
e Maximum Phase

— Saturation or Inversion
— Resulting 1n intra-slice dephasing as soon as possible




Linear Phase 7 /2 Pulse




Slice Profile and B, (Z)

Amplitude
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RF Pulse

Amplitude




Profile

Amplitude
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Compare to Sinc RF
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Profiles of two excitation

Amplitude

Frequency, kHz




Minimum Phase 7 /2 Pulse




RF profile of mini-phase

Amplitude




Excitation Profile of Mini-
Phase after refocusing




SLR Algorithm

RF Selective Excitation

Excitation S Profile

small angle

E(t) & G approximation M (X, t)

Forward Forward
Inverse Inverse

Spin State
Rotation
An(Z) & B, (Z)




Conclusion

Sinc RF pulse would only suitable for small angle
excitation

SLR: a more exact solution to Bloch Equation

SLR transform the rotation problem into a FIR
design problems

The trade-off between parameters could be
analytically evaluated by filter design approach

We could generate whatever pulses we want




Thanks for your attention

Fin
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